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Two Real Critical Constraints for Real
Parameter Margin Computation

Bong Wie* and Jianbo Lut
Arizona State University, Tempe, Arizona 85287

A new approach to computing real parameter margins of stabilized dynamical systems with multilinearly
uncertain parameters is presented. A concept of two real critical constraints is introduced to solve the problem
of determining the largest stable hypercube in parameter space that touches the stability boundary on one of its
corners. The proposed approach is based on sufficient conditions for checking for critical instability only in the
corner directions of the parameter space hypercube. Several examples are used to illustrate the proposed concept

and approach.

1. Introduction

HIS paper is concerned with the problem of computing
the structured singular values u for uncertain dynamical
systems.! In particular, the problem of computing o-norm
real parameter margins (or real p) is investigated, which is of
much current research interest.?-# The real u problem is essen-
tially the same as the problem of determining the largest stable
hypercube in the uncertain parameter space. We exploit the
concept of separating the real and imaginary parts of a charac-
teristic polynomial equation. The resulting two equations are
referred to as the two real critical constraints, and the vertex
(or corner) property of each constraint equation is utilized.
The paper is organized as follows: In Sec. II, we introduce
the two real critical constraints, the two-constraint real u, and
the single-constraint real p. In Sec. III, we show that the
single-constraint real y always attains its value at a corner of
the parameter space hypercube of multilinearly uncertain sys-
tems at a given frequency. Section 111 contains the main result:
a sufficient condition for the critical instability to occur at a
corner of the parameter space hypercube of multilinearly un-
certain systems. In Sec. IV, we apply the results of Secs. IT and
III to the problem of computing real parameter margins of
several different types of characteristic polynomial. In Sec. V,
several examples in the literature are used to illustrate the
proposed concept and approach.

II. Two Real Critical Constraints

Consider a characteristic polynomial ¢(s; p) with the real
uncertain parameter vector

p=(plsp2y~~~1pl’)

where

Izisp,-sij,-, i=1,2,...,f
and p; and p; are, respectively, the prescribed lower and upper
bounds of the ith element of the uncertain parameter vector p.
The symbol (py, pa2, . . ., pr) denotes a column vector in this
paper; that is, (py, P2, . . ., DY =[P1P2. . . D" )

The normalized uncertain parameter vector § € 3 is then
defined as ' ’
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6=(61y529""6l’)

and the parameter space hypercube D is defined as

iD:={6: —156,'51, i:l",,,f}
where
2(p; — poi
b, = 2= Po) M
Di + Dpi
and
p0i=(pi +12,)/2, I.=1,...,(

The nominal system of 6 = 0 is assumed to be asymptotically
stable.

For a characteristic polynomial of the form ¢(s; 8), we have
the following lemma.

Lemma 1:  For any nth-order polynomial in s of the form
¢(s; 6) with the uncertain parameter vector § € D, there exists
an n X n rational matrix M(s) and a diagonal matrix A € X
such that ' ) '

#(s; 8) = ¢(s; 0) det[] + M(s)A] @

and

X .= {A: A=diag(6;), i=1,...,10} 3)
where I; denotes an m; X m; identity matrix and ):f= M =n.
Proof: - See Appendix. )
According to Lemma 1, the critical stability constraint
equation

(Jjw; 8) =0 )

simply becomes

detl + M(jw)A] =0 )

since ¢(jw; 0) # 0 for all w.

Definition 1. The real parameter robustness measure «(w)
and the real structured singular value measure u(w) associated
with the critical constraint Eq. (5) are defined as

k(@) = 1/p(w)

:=inf {«: det[/ + M(jw)A] =0, 6(A) = «}
A€X ‘

:=sup {k: det[l + M(jw)A] #0, 6(A) < «}

AeX

where X is the set of all repeated blocks defined as Eq. (3) and
(A) denotes the largest singular value of A. The real parame-
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ter margin «* and the associated real structured singular value
p* are then defined as

*=1/p* : = inf «(w) 6)

and the corresponding uncertain parameter vector is called the
critical parameter vector and denoted by &*.

The critical stability constraint Eq. (4) or (5) is a complex
constraint. We now exploit the idea of separating the real and
imaginary parts of the constraint Eq. (4) as follows:

Re[¢(jw; 6)] = fi(w)pi(w; 6) =0 (Ta)
Im[¢(jw; 8)] = fow)p(w; 8) =0 (7b)

where fi(w) and f»(w) are polynomials that are independent of
6 and ¢,(w; 0) # 0 and ¢,(w; 0) # 0 for all w=0.

According to Lemma 1, there exist real rational matrices
M, (w) and My(w) such that

éi(w; 8) = ¢i(w; 0) detl/ + Mi(w)A], i=1,2 (8

Consequently, we have the following two real critical constraints
Si(w) det[] + M(w)A]1=0 (9a)

Solw) det[I + My(w)A] =0 (9b)
with

X;:= (A : A = diag®yly), d;€®, j=1,...,64} (10)

and {6;,j=1,..., 4} and {65, /=1,..., b} are two sub-
sets of {§;, i=1,..., £}, and I; is an my X my identity
matrix with Ej.":l my=mn;,i=1,2.

Polynomials with coefficients linearly dependent on uncer-
tain parameters §; can be expressed in a form with rank-one
matrices M;(w) and M,(w). This result is given as the following
lemma.

Lemma 2: The critical stability constraint (4) of an inter-
val polynomial or a polytopic polynomial can be expressed as
two real critical constraints of the form (9) with rank-one
matrices M;(w) and M,(w).

Proof: See Appendix.

Definition 2: A frequency at which the two real critical
constraints (9) reduce to a single constraint is cailed the degen-
erate frequency.

Note that the real non-negative roots of the polynomials
filw) and f(w) of (9) are the degenerate frequencies, which
cause isolated discontinuities in u(w).

Definition 3: The two-constraint real p measure, associ-
ated with the constraints (9), is defined as

1/pa(w) : = inf {o[diag(A;,Ay)] : det[] + MA ] =0

AeX

and det[/ + M>A;] = 0} (11)

The single-constraint real x measures u(w) and uy(w), associ-
ated with each constraint in (9), are defined as

1/p(w) 1 = inf {5(A)) : det[] + MiA|] = 0} (12)
A €X,

1pa(w) 1 = inf {5(Ay) : detl] + MyAy] = 0} (13)
AyeX,

The real p measure is related to the two-constraint real u
measure and the single-constraint real y measures at each
frequency w, as follows:

piw) if fi(w)#0, fo{w)#0
ww) = < pi(w) if fi(w) #0, fo(w) =0 14
pa(w) if filw) =0, f2(w)#0

where fi(w) and f)(w) are the two polynomials defined as in
Egs. (7).

Definition 4: LetS=1{6,i=1,...,{}. Also let S and
S, be two subsets of S, and S§; U S, =S. If S; N S, =0 we
define the restricted parameter vector din S; N S, as follows:

d=(d,...,dn); dieSiNS,i=1,...,m (15)
The restricted parameter vectors associated with x| and p, are
denoted by dy, and dj,, respectively.

The following lemma provides a sufficient condition for
determining the real u* using pi2(w), ui(w), and u(w).

Lemma 3: Given S ={§;,i=1,..., £} and two subsets
S; and S, of S with S; U S, =S, consider the following two
cases: 1) S, N S,=@ and 2) §; N S,# 0. By using the
previous definitions of u;(w), pa(w), and ujx(w), we have the
following results:

Case 1: (S; N S, =0): The real u* can be found as

w* = sup pip(w) = max {sgp wi(@), sup #2(0’)} (16)

Case 2: (S; N Sy #= 0): If py(w.) = paw.) at some critical
frequencies w., and if the restricted parameter vectors in
Sy N S,, associated with p(w.) and po(w.), become dy, = d,,
then the real p* is

p* = sup pip(w) = max py(w.) = max pa(w.) (17)

Proof: The proof of this lemma is trivial and is therefore
omitted here.

HI. Sufficient Conditions for Corner Property

A characteristic polynomial, which has coefficients affine
with respect to each uncertain parameter §;, is called a multi-
linearly uncertain polynomial. A dynamical system with such
characteristic polynomial is called a multilinearly uncertain
system or a system with multilinearly uncertain parameters.

If a system is described by the critical stability constraint of
the form (5) with

A= diag(&l, 62, PR 5g)
(13)

mi=1 for i=1,...,¢

then the system is a multilinearly uncertain system. However,
not all multilinearly uncertain polynomials can be expressed in
the form of (5) with (18); in many cases, we have A with
repeated entries.

If the critical instability occurs at one of the corners of the
parameter space hypercube, then the real parameter margin
and the corresponding critical parameters can be easily deter-
mined using the following lemma.

Lemma 4: If the critical instability of the constraint (5)
with possible repeated entries in A occurs at one of the corners
of the parameter space hypercube, then

-1
K(w) = {max ol— EM(jw)]} 19
Eesg

where p(— EM) denotes the maximum real eigenvalue of — EM
and it is defined as zero if — EM does not have real eigenval-
ues. Also, the corner matrix, denoted by E, is defined as

&={E:E=diaglel;}),es=+1or —1,i=1,...,¢}

The real parameter margin «*, or real u*, is then determined as

«*=1/p* : = inf x(w)
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The corresponding critical corner matrix E* and critical cor-
ner vector e* are, respectively, given by

E* = diag(et 1)) (20)
e*=(ef, ef, ..., e}) @1)

Furthermore, the critical parameter vector 6* can be deter-
mined as

&* = k*e*

Proof: See Ref. 13.

Remark: IfE€ &, then —E € & and \(EM) = —N(—EM)
where N(EM) denotes the eigenvalues of EM. Thus, k(w) de-
fined as (19) is always positive real.

We now give the following sufficient condition for the
corner property of a multilinearly uncertain system.

Lemma 5: If a multilinearly uncertain polynomial ¢(jw; 8)
is always real-valued at some frequency w, then the critical
instability at that frequency occurs at one of the corners of
the parameter space hypercube «*®, where § € «*D, or
—*=q=c*@=1,2,...,0.

Proof: See Refs. 13 and 14,

Corollary of Lemma 5: For a multilinearly uncertain sys-
tem, the single-constraint real us defined as in Definition 3
must attain their values at one of the corners of the parameter
space hypercube «*®.

Theorem 1: At the degenerate frequencies defined as in
Definition 2, the critical instability of a multilinearly uncertain
system occurs at one of the corners of the parameter space
hypercube.

Proof: At the degenerate frequencies, the two critical con-
straints (9) reduce to a single real-valued, linear or multilinear
constraint, hence, we easily obtain this result from Lemma 5.

Corollary of Theorem 1: At w =0, the critical instability
occurs at one of the corners of the parameter space hypercube.

Proof: M(j0) in the critical constraint (5) is a real-valued
matrix. Hence, det[/ + AM(/j0)] becomes real-valued and
w = 0 is one of the degenerate frequencies. From Theorem 1,
we obtain this corollary.

Theorem 2: Consider the two real critical constraints (9)
with multilinearly uncertain parameters.

Case 1 of Lemma 3: The critical instability occurs at one
of the corners of the parameter space hypercube.

Case 2 of Lemma 3: If u(w) and uy(w) plots intersect at
some frequencies w.s and if the restricted parameters vectors
subject to S; N S, associated with px(w.) and py(w.), become
d;, = dg,, then the critical instability occurs at one of the
corners of the parameter space hypercube.

Proof: This theorem can be proved using Lemmas 3 and 5.

IV. Applications
A. Interval Polynomial
Consider a family of real polynomials

(s, p)=s"+as" '+ - -« +a,_15 +a, 22)
where each uncertain coefficient, g; = p;, has a prescribed
interval as

The nominal values of ¢; are

aOiz(&i—gi)/Z, i=1,2,...,n
An interval polynomial with the normalized uncertain
parameters 6; will be used in the subsequent discussion.

A polynomial of the form (22) whose zeros lie on the open
left-half s plane is called a Hurwitz polynomial. Kharitonov’s
theorem provides a simple way of checking whether a given

polynomial whose coefficients have prescribed intervals is
Hurwitz or not; however, it is not directly applicable to deter-
mining the size of the largest stable hypercube in the coeffi-
cient parameter space. In this section we employ u;(w) and
po(w) to determine the real parameter margin x* of an uncer-
tain dynamical system described by an interval characteristic
polynomial. An alternative proof of Kharitonov’s theorem,
which is based on the concept of uj(w) and py(w), will be
presented in the next section.

According to Lemma 2, an interval polynomial can be
transformed into the two real constraints with the rank-one
matrices M;(w), i = 1, 2. If n is an even integer, we have

BT
Miw) = SBL), i=1,2
gi(‘*’)»
AI = diag(629 54: LIRS 6n)3 AZ = diag(617 63’ LI 6}1— 1)
o=a=[1,1,...,1]7

.31 =:32= [“’-’nkza wn—4’ PR _wza (_ l)n/le

81(w) = " — ape" "+ - - - + (= 1)"2a,

8w) = —anw" "2+ agsw ™t — - o + (= 1) 2ag -

Similar results can be obtained for the case of odd .

Since M (w) and M,(w) are rank-one matrices, we obtain the
following theorem.

Theorem 3: The u;(w) and uy(w) of an interval polynomial
of the form (22) attain their values at one of the corners of the
parameter space hypercube and then can be expressed as

T . .
pile) = — 2 BB, i=1,2 @3)
gi(w)
where
E; = —sgn(g;) diag{sgn(B,), sgn(Byn), ..., 1}, i=1,2 (24

and @; is the jth element of the column vector 3;, and sgn(-)
denotes the signum function. The real parameter margin is
then obtained as

1/6* = p* = sup p1o(e)

~ sup {_ ofEfiw) a{Ezﬁz(w)} 25)

&i(w) 82(w)

Proof: See Appendix.

B. Kharitonov’s Theorem

Kharitonov’s theorem is proven here using Theorem 3.
Without loss of generality, we consider the case of even .

The uncertain parameter sets corresponding to u; and p, of
an interval polynomial are disjoint (i.e., S; N S, =@), and
these disjoint parameter sets should have the same bound «*.
Consequently, from Theorem 3, we have either

SRR
gi(we) & (we)
or
N1 C 1 _ oEiBiw.) o
82(wc) gi(we)

where E; are defined as Eq. (24).
For the case of Eq. (26), the possible critical parameters are

(62, 84, - - -

(61’ 63, ..

s 62) = —«*[sgn(B), sgn(Bra), . . ., 117 sgn(gy)

s Bn-1) = £x*[sgn(By), sgn(B), - - ., 117 sgn(gy)
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which become
B2 845 . .5 )=k [-1,1, =1, ..., (= 1y"2*1]T sgn(g)
(61,83, ..., 8 = x*[— 1,1, —1,..., (= D">* 1T sgn(gy)
For the case of Eq. (27), the possible critical parameters are
(1> 835+ . ., 8y 1) = —«*[sg0(B2)), sgn(B), - -

(82, 84y« + -, 8y) = £«*[sgn(Byy), sgn(By2), . . .

.» 117 sgn(gy)
, 117 sgn(gy)
which become

(61’ 533 veey an—l) = K*['— la 11 - 1’ LN} (_l)n/2+l]ngn(g2)

Bz 84 oo oy 8y) = £x*[—1, 1, =1,..., (=1D"2+Y7 sgn(g))

There are a total of 16 combinations of possible critical
parameters, but only four of them are different from each
other. The four corner vectors of the parameter space hyper-
cube for possible critical instability at a corner are then ob-
tained as

W=[-1, =1, 1,1,...,(=Dv2+1 (—1yv2+ 4T

P =[-1,1,1, —1,..., (=D, (-1y"2+ 4T

=1, =1, =1, L,..., (= D"2*1, (=1)"27
M=11,1, -1, —1,..., (—1)"/2, (_l)n/Z]T

where 6 = (6;, 62, 63, 04, ..., 6,1, 0,). These are, in fact,
Kharitonov’s four corners for the case of even n.

C. Polytopic Polynomial

Consider a polynomial whose coefficients depend linearly
on the normalized, perturbation parameter vector 6 in «*D

o(s; ) =s" + Zn;ai(ﬁ)S"‘i (28)

i=1
where

¢
a;(8) = ag; + Ea,-j 5, a;; are constants
i=1

According to Lemma 2, the critical constraints can be written
as Eq. (9) with the rank-one matrices M;(w) and M,(w) such
that

o (w)BiT (w) ,

M=

i=1,2

where g;(w) is a scalar function of w, and «; and B3; are column
vectors that are functions of w.

Because of the rank-one property of M; and M,, we obtain
the following result.

Theorem 4:  The two single-constraint real u measures of
a polytopic polynomial of the form (28) will attain their values
at one of the corners of the parameter space hypercube and
can be expressed as

_ aiT (W)E; B;(w) ,

pi(w) = 2.(@)

i=1,2 29)
where

E; = —diag{sgn(cuBi), . . . , sgnlov, B, ) }sgn(g:)

for i =1, 2, and «;; and B; are, respectively, the jth elements
of the column vectors o; and B;. If u; and pu, intersect at some
frequencies w.s and if d;, = d, at these frequencies, then the
critical instability occurs at one of the corners of the parame-
ter space hypercube.

Proof: The first part of this theorem is an extension of
Theorem 3. The second part is an obvious application of
Theorem 2.

D. Multilinearly Uncertain Polynomial

For a general case of a multilinearly uncertain polynomial,
from the Corollary of Lemma 5, we know p(w) and p,(w) will
attain their values at one of the corners of the parameter space
hypercube D at any frequency w. Hence we have the following
theorem.

Theorem 5: The two single-constraint real p measures will
attain their values at one of the corners of the parameter space
hypercube and can be expressed as

pi(w) = max p[— E:M;(w)],
E;€ 8,

i=1,2

where
&, :={E;: E; = diag(ejl;),e; = +1or —1Vj}

and p( - ) denotes the maximum real eigenvalue of a matrix. If
m and g, intersect at some frequencies w.s and if d;, = d, at
these frequencies, then the critical instability occurs at one of
the corners of the parameter space hypercube.

Proof: The first part is an extension of Lemma 4. The
second part is the direct application of Theorem 2.

V. Examples

A Example 1: Vicino and Tesi'?

Consider a polynomial whose coefficients are linearly de-
pendent on uncertain parameters §; and 3§,

O(s; 81, 62) =54+ (55 + 3)s? + (5, + 5.5)s?
+ (8 +6,+4.5) +36, —6,+ 5.5
The two real critical constraints can be found as
Re{o(jw; 8)} = 0—fi(w) det[]; + A;M(w)] =0

Im{¢(jw; 8)} = 0—fw) detlly + AMy(w)] =0
where
N =1, folw) =, Ay = Ay = diag(6y, 5,)
and
i (@)B] (@)

M= @

with

o =ay=[1, 117
Bi=B-o - 117
Br=11,1-a*"
gi{w) = w* — 5.50* + 5.5
gw) = —3w? + 4.5

And we obtain g, and p, as follows

(@) = 13 — 2l + 1
B = e — 5.502 + 5.5
(@) = [1—w?l +1
B =T 302 + 4.51

The critical corner matrices of u(w) and py(w) are

E, = —diag{sgn(3 — v?), - 1}sgn(w*— 5.5w*+5.5)
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E, = —diag{1, sgn(l — ) }sgn(— 3w + 4.5)
At the degenerate frequency of w = 0, we have
w(0) = pu(0) = 1.375

By solving ui(w.) = pa(w.) for w., we find four critical fre-
quencies. The corner matrices of u(w) and u,(w) are the same
only at w. =1.4142, and they are E, = E, = diag(1, —1). Since
11(1.4142) < u(0), the critical instability occurs at w. = 1.4142.
The critical corner matrix is E* = E, = E, = diag(l, — 1) and
the critical corner vector is e* = (1, —1).

The real parameter margin «* becomes

&% =1/pp = Vpw) = 1/p(w:) = 0.75
where w, = 1.4142 and the critical parameter values are
(6%, 6%) = k*e* = «*(1, —1)=(0.75, —0.75)

B. Example 2: De Gaston and Safonov?

Consider a feedback control system consisting of a plant
transfer function G(s) and a compensator X(s) given by

D s+2
GE)=—""""; K(s)=
) S(s + po)(s + p3) © s+ 10
The uncertain parameters are described by
p1 = 8001 + ¢), le, 1 0.1
D=4+ e, |62|SO.2
P3=6+¢;, 163'50.3

The closed-loop characteristic polynomial is

OS; €1, €, €3) =54+ @18 + axs? + ars + ay
where
a; =20+ ¢+ ¢
ay, = 124 + 16¢€; + 14¢3 + €365
a; = 1040 + 800¢; + 60¢, + 40¢; + 10e,e3
a, = 1600(1 + ¢,)
The uncertain parameters are normalized as
6, =¢/0.1, 8, =€/0.2, 83 = €3/0.3
The two real critical constraints can then be obtained as

Re{o(jw; 8)} = 0—/1(w) detll; + A, M (w)] =0

Im{o(jw; 8)} = 0—/aw) detll; + AoMo(w)] = 0

6
rad/sec

Fig. 1 Two single-constraint real p measures, example 2.
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where
Silw) =1, Slw) =w
A] =/ =A= diag(sl’ 62’ 63)
M;(@) = Ri(@)A;  (@)Li{w), i=1,2
and
1 0
Ri(w)y= | — 3202 1
1 0
o1 0
Ryw)= | 12-02e* -1
L1 0
L) F160 1 —4.20?
@=1"9 0o 0.06x
L) 80 1 12— 0.3c?
D=4 o 0.6
i (1600 — 1246* + wH~! 0
Al (w)z
0 1
» (1040 — 200® " 0
Ay Hw)= 0 1

As shown in Fig. 1, the plots of 1/u;(w) and 1/px(w) vs w
intersect at two frequencies. We further find that only at
w, = 8.2282 are the corner directions for both yu;(w) and ps(w)
the same. Thus the critical corner matrices are

Ef =FE} =diag(l, — 1, — 1)
and the real parameter margin is found as

k* = 1/p* = 1/p(w) = 1/pxw.) = 3.4174

where w, = 8.2282. The corresponding critical corner vector is
e*=(1, -1, — 1) and the critical parameter values are

(p1, P2, P3) = (1073.36, 3.3165, 4.9748)

C. Example 3: Ackermann’s Multilinear Polynomial3:15

Consider a characteristic polynomial with ¢ uncertain
parameters p; given by

£ ?
B3 P) =L@~ 1) +r2+ 200+ DY pi + 23 pi p;

i=1 i<j

£ £
+ <L7+ Ep,)s + <£’+ Epi>s2+s3

i=1 i=1
Here we consider a case with
(=4, r=0.5, Doi = 4; i=1,...,4
and let
Di = poi +6;; G=1...,49
The two real critical constraints can be found as follows:

Re{¢(jw; 8)} = 0—fi(w) detll; + A ;M (w)] = 0

Im{é(jw; 8)} = 0—fr(w) det[l; + A My(w)] = 0
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<
45»‘ 1/ 1 1/].12 b
4| |
o =3.0000
35¢ x =275 ]
3L o =2.6458 ]
k =325
2.5 J
2F i
1.5+ E
1
0 0.5 1 1.5 2 2.5 3 3.5 4
rad/sec

Fig.2 Two single-constraint real x measures, example 3.

where
filw) =1, Sow) =w
A, = diag(8,, 6, 62, 83, 83, 83, 83, 64)
A, = diag(8;, 8, 63, 84)
and
My(©) = Ri(@)A; (@)L ()

OlOlT

Dot + Po2 + Pos + Doa + 4 — o

My(w) =

R1(w) = |Iyxq 0
R:; Ry

where

1
Ry=1|1
0

- O O

00
00
00
R31 = [10 - wZ, 23 2’ 0]

R32= [ 2, 0’ 0, 0]

Ay AIZ]
—Poalaxa Iyxa

Ay(w) = |:

|

]

2

=
- o o o

a1 =12 +r? — 4o? + (10 — W) Po1 + Pox + Po3 + Pos)
a; = 2(Pox + Po3 + Pos)

a3 = 2(po3 + Pos)

2p04 0 0 O
0 000
A12=
0 000
0 000

Liw)= [1 0}
Tx7

Ly =[10—-o? 10 -2, 2, 10— ?, 2,2, 0]
a=[1,1,1,1]7
Since M,(w) is a rank-one matrix, we have

o’

{Dor + Doz + Po3 + Pos + 4 — |

pow) =

By Lemma 4, p(w) can be found by checking corners, as
follows

wi(w) = max pl—E; M(w)]
E €8

As shown in Fig. 2, we find that the 1/p(w) and 1/py(w) -
plots intersect at two frequencies

e = 2.6458 and w, = 3.0000

At these frequencies, ui(w.) and py(w:) have the following
corner matrices:

E| = diag(ey, e, e, €3, &3, €3, €3, €,)
E, = diag(e, e, €3, €))
er=e=e3=¢;,=1
Then we have
(wer) = pia(wer) = powa) = 0.3636
wwn) = pa(wa) = po(we) = 0.3077

The real parameter margin is found as

* =1/p* = min {1/pp(w)} = 2.75

and the critical parameter values are

(P1s D2y D3, pa) = (1.25, 1.25, 1.25, 1.25)

D. Example 4: Chang et al.6

Consider the closed-loop characteristic polynomial of the
second example of Ref. 6:

O(S; 61, 62, 83) =8 + @153 + @57 + @35 + ay 30)
where
a) = 10.4 — 0.351 - 0362

@y = 38.14 — 2.318, — 2.918, + 0.458; + 0.098,5,

1G- 4

rad/sec

Fig. 3 Two single-constraint real ;4 measures, example 5.
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ay = 58.12 — 5.978, — 8.286, + 1.748; + 0.638,6, — 0.1355,6;
a,=31.16 — 5.228, — 6.846, + 0.488; + 1.085,6, — 0.278,5;
One of the critical constraints has the form of

A = diag(6;, 93, 63)

M(w) = Ry()A; (@)L (w)
and
2.31* - 5.22 0.090° — 1.08

Ry(w) = 1 0
0.48 — 0.450* 0.27
1 2910®>—6.84 1
L =
1(@) [0 1 0}

(w* —38.140% + 31.36) ' 0
0 0

A () = [

Hence the critical parameters will attain their values at the
corner according to the Corollary of Theorem 1. The real u*
can be found as
1* = pia(we) = plwe) = max p[ — EM(w,)] = 0.2755
Ect
where w. = 0. The real parameter margin is
«* = 1/p* = 3.6297
and the corresponding critical corner matrix is

E* = diag(1, 1, 1)

For the nominal values of 8; =0 (i =1, 2, 3), the corre-
sponding critical parameter values are

(1, 83, 6%) = (3.6297, 3.6297, 3.6297)

E. Example 5: Barmish et al.1?
Consider a polynomial of the form

B(s; 81, &) = 5* + (4 = 8y)s® + (8 — 28))s?
+ (12 —368)s + (9 — 6, — 562)
We use this example to show that the discontinuity in the real
u measure occurs at the degenerate frequencies and to further
demonstrate that the real 4 can be determined using one of the
single-constraint real u.
The two real critical constraints are

Re{o(jw; 8} = 0—/fi(w) detl] + A M (w)] =0

Im{$(jw; 8)} = 0—/fw) detl] + AM(w)] =0

where
Ay = diag(s,, 6,), Ay =8y
Silw) =1, frlw) =403 - Mo
and
My SBT)
gi(w)
with

g1(w) =9 — 8w? + w*
ay(w) = [1, 1]7

Bi(w) = 267 = 1, = 5]"

and
My(w) = — Y

At w = V3, the two real critical constraints reduce to one real
critical constraint; i.e., w = V3 is the degenerate frequency.
Sinice there are two constraints when o # V3, the two-con-
straint real y measure, u = u;»(w), becomes discontinuous at
o = V3. The plots of 1/p and 1/p; are shown in Fig. 3. As

_ shown in Ref. 12, the critical instability occurs at w = V3 and

it should occur at a corner. Thus the two single-constraint real
@ measures are

1202 ~ 11 +5

—_— =0.25
19 — 8w? + w*l #2(e)

pi(w) =

The real p* or the real parameter margin «* is then found as
p¥ = 1/k* = ;(V3) = 5/3

VI. Conclusions

The concept of two real critical constraints was introduced
for determining the real parameter margins of dynamical sys-
tems with multilinearly uncertain parameters. Although the
proposed approach is based on a sufficient condition for
checking for critical instability only in the corner directions of
the parameter space hypercube, the usefulness of the proposed
approach has been demonstrated in this paper.

Appendix: Proofs of Lemmas and Theorems
Proof of Lemma 1: Let us first prove that a given polyno-
mial ¢(s; 6) can be written as ¢(s; 8) = ¢(s; 0) det[/ + M(s)A].
For a given rational square matrix [/ + M(s)A(5)] with the
elements of a parameter vector § appearing in the numerators
of each element of [/ + M(s)A(d)], there exist polynomials
o(s; 8), 6 € D and ¥(s) such that

$(s; 6)
¥(s)
because of the property of the Smith-McMillan form of

[I + M(s)A(6)] (e.g., see Theorem 2.3 in Ref. 16).
Since A(6) = diag(6;), A(0) = 0. Consequently, we have

det[l + M(s)A()] =

_ CHY) - v
1 =det[I] = 7s) Y(s) = o(s; 0)
and
_ (53 8)
det[l + M(s)A] = 26:0) (A1)

The existence of the matrices M(jw) and A is obvious;
however, the actual determination of M(jw) and A is not
straightforward. Without loss of generality, we use the follow-
ing example to show how to form M and A for a given ¢(s; 6).

Consider a polynomial with coefficients that are multilin-
early dependent on the four uncertain parameters é;

o(s; 8) = ap + a6, + @205 + @303 + @404
+ 516163 + Dy(8) + 62)63 + b3(6) + )04
where a; and b; are functions of s.
We first transform this given polynomial into the determi-
nant form of a 2 X 2 matrix, as follows:

@(s; 6) = det[Gy + G161 + G165 + G363 + G4d4 + G5616;]

where G; are 2 X 2 matrices, defined as

0 a 0 q 0 a
G°'[—1 0]’ G"[o 1]’ Gz'[o I:l



568 WIE ANDLU: CONSTRAINTS FOR PARAMETER

bZ as b3 a, 0 b]
= ) G = ) G =
Gs [0 0] ¢ [ 0 0 *“lo o
To change the term Gs6,6; into a linear fractional form, we
further transform the determinant into the determinant of a
4 X 4 matrix

(b(jw; 3) = det[Ho + H161 + H262 + H353 + H454] (A2)

where H; are 4 X 4 matrices defined as
Gy, O G, Gs

Hy= , H =
° {0 szz] : [o 0

G, 0
szl: 2 2><2:|’
—Lx2 02x2]

Hy = [ Gs 02x2]
0252 02x2

Ga om]
H, =
¢ [0252 0y%2

Taking the singular value decomposition of H;, we obtain
H i = L,‘R[

with rank[L;] = rank[R;] =1;.
Then Eq. (32) can be written as

&(s; 8) = det[Hy) det{l + M(s)A] (A3)
where
M = RH; 'L
and
R=[RI,R],...,RIT
L=[Ly, Ly, ...,Ls

A = diag(6;1,)

Finally we obtain

[0 1 0 0]
0 0 01
1 0 0 O
R =
0 1 00
bz as 0 0
ng as 0 0-
a b1 0 a 1 1
I - 1 0 0 1 00
0 0 -1 0 00
0 0 0 -1 0 0

and
A = diag(8,, 61, 63, 82, 63, 64)

This form of M is not necessarily unique. Since we have

ay -
—00=¢(S, 0)

0
det[Hy)] = det[Gy] = det[ -1 0

Equation (A3) becomes Eq. (Al).

Proof of Lemma 2: Consider a constraint equation with
the linearly dependent and/or linearly independent uncertain
parameters of the form (4)

{
(s 8) = ¢(s; 0) + 1yai(s)6; =0

i=1

where 6 € D denotes the uncertain parameter vector and D

denotes the parameter space hypercube. This polynomial
equation can be separated as follows:

4
Re[é(s; 0)] + 2 Rela;16; =0 (Ad)

i=1
14
Im[¢(s; 0)] + Y5 Imig;]5; =0 (AS)
i=1

Equation (A4) can be rewritten as

Relo(s; 0)] + I, _,Rela;); 0]
0 1

_ Re[¢(s;0)] 0| [Rela] 0 N
_d¢t<[ 0 1] +[ 0 O:|61+ . >

= Re[¢(s; 0)] det[ + MA)
where

0=det[

A= diag(ﬁ;, 82,..., 5[)

1
1

Me=—— | :
Rel(s; 0] | ;

[Re(a;) - - - Re(ay)

Note that M is a rank-one matrix. A similar result can be
obtained for the other constraint équation (AS5).

Proof of Theorem 3: From the Corollary of Theorem 2 we
know that u,(w) and u,(w) will attain their values at one of the
corners of the parameter space hypercube. Hence, according
to Lemma 4, we have i

pi(w) = max p[ - E:M;(jw)), i=1,2
Ejes;
Since
det[)\, , BT (w):l 4 H @B
gi(w) &i(w)
T
&i(w)
we have
i) = max [__(_w_m}
T e £i(w)
Let

E; = —sgn(g;) diag{sgn(By), sgn(Bp), . . ., 1}
then pu;(w) will attain their maximum values.
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